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Abstract:  Direct implementation of extended arithmetic operators on fuzzy numbers is
computationally complex. Implementation of the extension principle is equivaent to solving a
nonlinear programming problem. To overcome this difficulty many applications limit the
membership functions to certain shapes, usualy ether triangular fuzzy numbers (TFN) or
trapezoidal fuzzy numbers (TrFN). Then calculation of the extended operators can be performed
on the parameters defining the fuzzy numbers, thus making the calculations trivia. Unfortunately
the TFN shape is not closed under multiplication and divison. The result of these operators is a
polynomia membership function and the triangular shape only approximates the actual result.
The linear approximation can be quite poor and may lead to incorrect results when used in
engineering applications. We analyze this problem and propose six parameters which define
parameterized fuzzy numbers (PFN), of which TFNs are a specia case. We provide the methods
for performing fuzzy arithmetic and show that the PFN representation is closed under the
arithmetic operations. The new representation in conjunction with the arithmetic operators obeys

many of the same arithmetic properties as TFNs. The new method has better accuracy and smilar
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computational speed to using TFNs and appears to have benefits when used in engineering
applications.

Keywords. Fuzzy arithmetic, triangular fuzzy numbers, membership functions, arithmetic

approximations.

1. INTRODUCTION

Engineering design and manufacturing problems are usualy described in a domain of equations
and other mathematical relationships. To model the imprecision in these domains we have begun
to explore the use of fuzzy numbers and fuzzy arithmetic. Triangular fuzzy numbers (TFN) and
trapezoidal fuzzy numbers (TrFN) in particular are attractive to use in fuzzy modeling and
manufacturing [17]. They have an intuitive appeal and are easlly specified by experts in
manufacturing. These manufacturing experts have experience from building simulation models in
specifying the most likely value (moda value of TFN), the lower bound, and the upper bound.
These three parameters define a TFN. TFNs and TrFNs appear to model many forms of
imprecison well and the arithmetic operations of TFNs based on this triple are trivial. These
properties make the implementation of TFNs in application systems idea for modeling problems

in design and manufacturing [22].

The research conducted on fuzzy arithmetic in this paper was investigated during the development
of a fuzzy constraint processing system for design and manufacturing [22]. Fuzzy constraint
processing is computationally intense and the order of operations is not known a priori.
Consequently, it was desirable to provide a compact representation of fuzzy quantities with an
associated set of standard arithmetic operators. Since, many comparisons (i.e. <, >, =) are
conducted in fuzzy constraint processing, accurate calculation of the membership functions is

critical to obtaining correct results[12].



TFNs under the nonlinear operations of fuzzy multiplication and fuzzy division are not invariant
[9]. The result of these operators is a polynomia membership function and the triangular shape
only approximates the actual result. Since many ranking methods and constraint evaluation
technigues operate on the shape of the membership function the adequacy of the approximation is
important. Unfortunately, it was shown in a previous paper by Giachetti and Young [12] that the
error of this linear approximation for fuzzy multiplication and divison is large enough to cause
errors. This paper will introduce three new parameters which are used to greatly improve the
approximation of the non-linear arithmetic operators. The new approach maintains the

computational efficacy of performing operations based on a set of parameters.

2. ORGANIZATION OF PAPER

The paper is organized as follows. First useful terms relevant to fuzzy arithmetic are defined.
Anaytica approaches and discretization approaches to calculate the fuzzy product and fuzzy
guotient are reviewed. The error of the standard approximation for TFNsis defined and analyzed.
Three new parameters are introduced with the definitions for the arithmetic operations. The
mathematical properties for the new representation are provided. An implementation technique
for numeric fuzzy constraint satisfaction and fuzzy mathematics in general is proposed.

Conclusions and recommendations for use of the new approximations are made.

3. Fuzzy NUMBERS AND ARITHMETIC

Definition 1. (Fuzzy Number): A fuzzy number is a fuzzy set on real numbers. It
represents information such as "about m"*. A fuzzy number must have a unique modal value

"m", be convex, and piecewise continuous [23, §].



This definition is generally too broad for direct implementation. A common approach isto
limit the shape of the membership functions as defined by LR parametered fuzzy numbers
[6]. TFNs are a specia case of LR parametered fuzzy numbers. The graph of a typica
TFN isshown in Figure 1. A TFN isdefined by atriplet using the following notation.

X - (a,b,c) (1)

The membership function for this TFN is defined as:
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The a-cuts of a TFN define aset of closed intervals. Theintervals are:

[(b-a)a+a, (b-c)a+c] , Oa O]0, 1] 3

Limiting the shape of the membership functions to triangular fuzzy numbers alows computation

of the arithmetic operators based on the parameters defined in (1). The standard arithmetic

operations and their definitions are based on the triplet and are shown in Table 1. These are

binary operations on real numbers. A binary operation [lin [J iscalled increasing if for x; > y; and

X2 > VYo (X Ox; >y, Oy, ) and is caled decreasing if (X, (X, <y, OY,) [23]. The standard

operators (1] are binary increasing operators. The operators O,® are neither strictly increasing

or decreasing.



Definition 2 (Closure Law): The closure law states that if A and B are fuzzy numbers
according to definition 1 then for any binary, increasing (decreasing) function O, AOB isa fuzzy

number adhering to definition 1 [23]. Thislaw mirrorsthe case for crisp binary functions[18].

The operators of fuzzy addition and subtraction are closed and the definitions provided in Table 1
are exact. Fuzzy multiplication and division are not closed; the definitions in Table 1 are only
approximations to the actual results[8, 13]. Using the definition for multiplication in Table 1, the

product of two TFNSs,

A - (ag,by,¢;) and B - (ay,by,cp) is,

C=A0B- (ajay,bby,ciCy) (4)
Expression (4) will be called the standard approximation.

The actual result isfound by rewriting the membership function to define a set of closed intervals
asin expression (3) [13]. Then the expressions defining the closed intervals are operated on using

interval arithmetic [16]. For two fuzzy numbers,

A~ (ag,by,cy ) - (o ~a)a +ag, ~(cp ~by)a +¢(]

B~ (a2.bp.02 ) — [ (b2 -a)a +ap, ~(cz ~bp)a +cp]
the product can be calculated,
C=AOB

= [((o —ag)a +ay) x((by —ax)a +ap), (e —by)a +c1) X( €c; D) He3)]

and resultsin the form for C of,



b —ag)(bp ~ag)a® +(by ~az)am +(by ag)agl +agap, [

H (o —ag)(ca —bp)a? —(cp —by)en —(c ~by)eq +cicp B

C (5)

The multiplication operation of expression (5) results in the actual product and is referred to as
the andytical method for performing fuzzy arithmetic. Calculations must be made for a [ ]0, 1]
to construct a curve representing the actual product. The standard approximation to the product
and the actual result are shown in Figure 2. The lines connecting the endpoints are parabolic.
Multiplication of C by other TFNs results in higher powers of a. The highest power of a is
equal to the number of terms multiplied to obtain the actual product. If there are n terms then the
a-cuts of C are defined by a membership function that is an nth order polynomial in o .
Multiplying the result by another TFN produces a higher power of a and more terms. The

calculation is cumbersome and computationally expensive [21, 12].

This approach relies on the manipulation of symbols, and for multiplication and divison of two
TFNSs the resulting function is a polynomial. This analytical approach is not feasible for computer
implementation and it suffers from computational complexity. It is generally assumed that the
deviation (i.e. error) between the linear approximation of Table 1 and the polynomial shape of
expression (5) issmdl. Giachetti and Young [12] have shown that this is not necessarily a good
assumption. They have shown that the approximation error is significant and can grow extremely

fast so asto render any results incorrect.



4. REVIEW OF EXISTING APPROACHESTO PERFORMING FUzzY ARITHMETIC

The arithmetic operations on fuzzy numbers can be defined by the extension principle.

Definition 3 (Extension Principle): Let f:Ix - O be a binary operation over rea

numbers. Then it can be extended to the operation over the set [ of fuzzy quantities. If
we denote for A, B [0 [J the quantity C = f (A, B), then the membership function pc is
derived from the membership functions ua and pg by

e (2) = sup[min(,(X), 1 (V) i x,y @z f(xy)]
forany zO O [15].

The extension principle can be used to extend the four standard arithmetic operators; addition,
subtraction, multiplication, and division to be used with fuzzy numbers. Baas and Kwakernaak
[2] have shown that the extension principle applied to arithmetic operators is found by an
unwieldy nonlinear programming problem. Direct application of the extension principle is

therefore not feasible for real time calculation in applications.

Dong and Wong [5] proposed discretizing the fuzzy numbers in their membership range and then
using interval arithmetic to obtain a discretized solution. Their method, cadled the Fuzzy
Weighted Average (FWA), obtains a much more accurate result than what was obtained by
discretizing the support [19]. It aso reduces the computational complexity issue of the analytica
approach of expression (5). This agorithm was modified into a more computationaly efficient
form called the Level Interval Approximation (LIA) by Wood and Antonsson [20] to be used
specifically for design calculations. These two methods perform interval arithmetic at discrete a-
cuts on the fuzzy numbers. As such they can operate on any membership function. The approach

isto discretize the membership functions into closed intervals at each a-cut, then perform interval



arithmetic at that a-cut. The results are combined and the output is a discretized membership
function. Intermediary values can be interpolated or recalculated. In this method the accuracy is
greatly improved but the computational complexity is still an issue. Wood et al., [20] determined
the computational complexity of this algorithm. For N imprecise parameters, and M discrete
levels used, the complexity of the given agorithm is. H = M2V k where k is the number of
multiplications and divisions in f(a ), where f(a ) is the function containing al the calculations.
Thisagorithm islimited to performing calculations in a single expression and was extended to the
ELIA for a system of equations [4]. The complexity is a function of the number of discretized
points. For example, if n =30, m= 10, and k = 5, then there are 1.07 x 10° computationsin f(a ).
Clearly, this approach is computationally bounded when applied to even smadl size problems. An
additional concern is implementation of the discretization algorithms in an application introduces
large memory requirements. Each discrete point used must be stored internaly by the system to
perform the calculations. In the FWA and the LIA algorithms this storage requirement is 2M for
each fuzzy number. In a manufacturing problem with 50 variables and a 0.10 discretization or 20
values for each fuzzy number, in total 50*20 = 1000 numbers must be maintained for this smdl
problem.  The mathematical properties are not explored and the approach lacks an easy

representational form.

Dubois and Prade [6] presented a parametered representation which could be used to perform
fuzzy arithmetic. The authors noted the expressions for fuzzy multiplication and division are only
approximations. Giachetti and Y oung [12] anayzed these approximations and demonstrated that
they can contain large errors, up to 300%. The man source of error was identified as the
difference between the actual polynomial shape and the straight line approximation. A polynomia
approximation was suggested for the fuzzy product which had improved accuracy with low

computational complexity.



Arakawa and Yamakawa [1] have also studied this problem and developed a partial differentia
calculus expression to obtain the membership function of arithmetic calculations. The approach
assumes the membership function shape remains unchanged and consequently, it exhibits errors at

lower a vaues.

It is dedrable to maintain the computational efficacy provided by a compact parameterized
representation. Two benefits are realized by taking this approach. First, in an engineering system
the parameters can eadly be viewed by the system user. Second, the parameter representation
greatly reduces the required calculations rather than maintaining internaly a large number of

discrete points to reconstruct the membership functions.

5. ERROR ANALYSISOF TFN ARITHMETIC OPERATORS

Since the Operations shown in Table 1 are widely used [3] it seems appropriate that an anaysis of
the approximation errors involved be conducted. The reason for performing the error analysisis
that first there is no advice or methods to determine when results obtained from the standard
approximations are accurate. Second, there is no expression to determine what the resulting error
is. It is difficult to build valid applications employing TFNs and these operators without any
guidelines for determining the accuracy and reliability of the output.

The error is the difference at a given a-leve ,between the approximated membership function
of expression (4) and the actual membership function as defined by expression (5) [12]. Each
TFN can be separated into a left and right segment in accordance with the LR parametered
representation [6]. The actual product (5) will have the value x, at a given a defined as T, for
the left segment, and Tk, for the right segment. The standard approximation (4) will have value
X, a agiven a defined as P and Pk for the left and right segments respectively. This allows us



to separately analyze the left and right portions of the membership curve. The left and right

segment error are then,

eLe=PL-TL (64)
and
er= Pr-Tr (6b)

Graphicaly thisis the horizontal distance between the two curves as shown in Figure 2. This
error is the error in the support at a given a-cut. The error in this form corresponds to the
information most generally sought. At a given a-cut it specifies the difference between the
actual value and the approximated value. Alone in this form it has limited use. The reason is
that the magnitude of the error only has meaning with respect to the magnitude of the fuzzy

number.

A more meaningful measure of the error can be obtained by taking the absolute percent error.

The absolute percent error with respect to the actual value is defined for the left segment as,

_|R-T,

%e, =—-—2*{100 (79

L

and for the right segment as,

P -T,

%¢ , = -2——RI100 (7b)

R

These expressions require knowledge of both the approximation and the actual value at every

o-cut to have any utility. A user who knows the actual value would not use an approximation.



In the next section an expression is developed which can be used to caculate the absolute

percent error without having a priori knowledge of the actual value.

5.1 Fuzzy DiIVISION

In a previous publication fuzzy multiplication was analyzed [12]. Here, fuzzy divison is andyzed
inasimilar manner. The quotient of two fuzzy numbersis defined as the product of the inverse of

the denominator with the numerator [9],

=AD

W >1

(8)

Wi =

Thefuzzy inverseis,

the product of the inverse of B with A results in the quotient defined in Table 1. This can be

rewritten in a-cut notation as,

0
c -o-af . A _af ., Gap at1]0,1] ©)

% c, U Cz’%_a_zgl-‘_azg

The later representation of expression (9) will be used in this section because it lends itself to
proper analysis. Substituting the expressions for the spread ratios (10) introduced in Giachetti
and Young [12],

b b
A =— and o= 10
[ a Pi C ( )

and rearranging terms, the standard division approximation can be rewritten as,



0 Hl
D:%l%}\_l—lj%] +E,&%_1‘%}+]ﬂ] GD]011] (11)
O O » U [

The subscripts for A and p refer to either TFN1, the numerator, or TFN2, the denominator.
Expression (11) defines the a-cuts of the quotient when using the standard divison

approximation. Thisisalinear functionin a, since all other parameters are constant.

5.2 ACTUAL QUOTIENT

Each a-cut is a crisp interval. The mathematics of interva arithmetic can be performed on the
expression for the lower and upper boundary of each a-cut [13]. This leads to the actual
quotient. The actual quotient is obtained by operating on the expressions for the a-cuts of A and

B. Theseare,
A, =((b, —a)a +a;, —(c, —b)a +c,)
B, =((b, —&,)a +a,, —(c, —b,)a +c,)

The actual quotient for C = A© B, isobtained by dividing A, by B, . For A,B >0,

C = DA\}—Leﬁ AJ—RightS
! o —Right , Bu—Left E
- - O
o -Hb-alra (h-glrg (12

abz -c, ) +c, (b, -a, ) +a25

Given the relationships for A and p (10), and substituting into expression (12) we can derive the

actual quotient as,

_ O, O(A, ~ 2o +1 Oc, O(p, ~ Yot +10

13
.0, Do +1'Ca, (A, 2 +17 (13)

Q



Expression (13) defines the a-cuts of the actual quotient for two triangular fuzzy numbers. The
membership functions resulting from expressions (11) and (13) are shown in Figure 2. It is noted
that the standard divison approximation makes a straight line approximation to the polynomid
shape of the actual quotient.

Substituting the standard approximation for the quotient (11) and the actual quotient (13) into

expression (7) and simplifying, we have an expression for the percent absolute error,

0
H\l—lm +1

p, O
%e, =|——=—-1{0100 14a
o€ | (}\l_lb 1 (149)
(p, Do +1
and for theright side,

Up, O

e
%¢ 5 =|7————— —1|[100 (14b)
(P~ +1

(A~ Lo +1

These expressions can be used to calculate the percent absolute error of the standard
approximation for divison given two TFENs. The absolute percent error of expressions (14a) and

(14b) isafunction of the spread ratios and not the vertices of the underlying fuzzy quantities.

5.3 THE SPREAD RATIOS

The spread ratios play an important role in fuzzy multiplication and divison. Conceptualy the
spread ratio is a measure of the imprecision in a fuzzy number when the imprecision is defined
as the distance from the modal value [10, 20]. The left spread ratio A isin the range [1, ).

When A = 1, there is no support on the left side of the mode. The imprecision of the left



support isdirectly proportional to A. As A increases the imprecision on the left side increases.
Theright spread ratio p isin therange (0, 1]. When p = 1, there is no support on theright side
of the mode. The imprecision on the right side is inversely proportional to p. As p decreases

the imprecision of the right support increases. For X — <a, b, c> whenbothA =1and p=1

the triple defines a crisp number.

5.4 EXAMPLE OF SAMPLE CALCULATIONSWITH ASSOCIATED ERROR

Tables 2 and 3 show the actual quotient, the standard approximation to the quotient, and the %e
at discrete a-cuts. The results demonstrate that significant errors (up to 31%) can be redlized.

This demonstrates the reason for the research conducted to improve arithmetic approximations.

6. AN APPROACH TO EFFICIENTLY AND ACCURATELY APPROXIMATING Fuzzy
MULTIPLICATION AND Fuzzy DiviISION OF TENS

It is recognized that the main source of error between the actual and approximated result of fuzzy
multiplication and division is the difference between the polynomia shape and the straight line
approximation. Itis also observed that the polynomial has a consistent shape and the order of the
polynomid is equal to the number of nonlinear operations used to obtain it. A Dbetter
approximation than a straight line approximation is a polynomial approximation. The approach
taken is to create a generdlized polynomia which closely matches the actual results. The
generalized polynomid is then scaled and added to the linear result. This provides an improved

approximation with only a dight increase in the number of computations.

The approximation introduced in Giachetti and Young [12] is modified to obey the fidd
properties and expanded to include fuzzy divison. The approximation is built upon sx

parameters which describe a parameterized fuzzy number (PFN). The representation of aPFN is;



A-{a b, c A p,n) (15)

where a, b, and c are the vertices of a TFN. A and p are the spread ratios as defined by
expression (10) . The spread ratios are included because, as shown in Section 5, they characterize
the approximation error. n is the number of terms or aternatively the order of the polynomid
expression for the membership function. It was shown in [12] that as n increases the order of the
polynomia defining the actual product increases and the error of the standard approximation
increases. The definitions for using these six parameters to perform fuzzy arithmetic are shown in

Table 4.

The term, n, is the maximum of n; and n; for addition and subtraction because these are linear
operations which do not increase the power of the defining polynomial. nisadditive (n;+n;z) for

multiplication to match the power of the polynomial, and additive plus one (nz+n; +1) for

division. The plus one accounts for the additional non-linear inverse operation.

Thus, using the expressions defined in Table 4, the vertices, spread ratios, and n can be
determined for the arithmetic operators. The determination of the a-cuts from the representation

of expression (15) is now developed.
6.1 GENERALIZED POLYNOMIAL AND SCALING EXPRESSION

Giachetti and Young [12] demonstrate an improved approximation is made by storing a
generalized polynomia in [0, 1] and retrieving it based on the parameters a and n. It is then
scaled to the magnitude of the underlying fuzzy quantity using the spread ratios in a regression

analysis. The generaized polynomia and the scaling expression are described next.

A polynomial which closely tracks the shape of the polynomia for the actual product and quotient

has the following expression,



o n o E gyt el
G:%—a) 2 Z(_G)IS_ ) for0<a <1 (16)
: = g8 2 @

We refer to this expression as the generalized polynomial. This polynomiad is the basis for the
(-)"-1
new a-cut approximation. The first term in (16), (-a) 2 , switches between 1 and 1 for
a
even and odd n , respectively. n is the number of terms multiplied together. The summation
results in powers of a from 2 to n that alternate between = for odd and even n. The last term,
_HED" +A0 , dternates between 0 and -a for odd and even n, respectively. The generalized
polynomial (16) isshown in Table 5 and iszero at {0, 1}. Since G isindependent of any specific
TFN it can be computed once and stored in a table for various combinations of a and n and

retrieved as needed.

An extensive empirical anaysisis performed on combinations of n and the spread ratios. A vaue
called T is used to minimize the error for combinations of n and the spread ratios. A linear fit is
made to thisdata. The resulting linear expression scales the generalized polynomia of G based on

the spread ratios and n. The scaling expressions are for the left,

T, (n, A ) =0568\ +011n —0859 (17a)
and theright,
Tr(n,p)=-185p +0144n +119 (17b)

The scaling factor times the generalized polynomia is added to the standard approximation to

obtain a new approximation for each a-cut. For multiplication the a-cut expressions are,



Pnw = PL+Gla,mt L (n A )(b-a) (182)
PnR = P + G(@,n)T r(n,p)(cb) (18b)
and for division,

Qnwy =DuL +G(@,nx L(n,A )(b-a) (19)

QnR = Dr +G(a,n)t r(n,p)(c-b) (19b)

Expressions (18a), (18b), (19a) and (19b) can be used to determine the a-cuts defined by the sx

parameters.

6.2 DivisiON ERROR TERM FOR NEW APPROXIMATION

Let Qu) be the new approximation and Q. be the actual quotient where the subscript refers to the
left spread only. The percent error of expression (7) can be derived for the new approximation of

expression (19a). The value of the left segment as afunction of a in expression (19a) is,
g N, O D
= % 1o +1D+G(0( n)t L(nx)gb—2 (20)
C2

Substitute (13) and (20) into the percent error expression (7) and simplify to obtain,

@Al —1@0( +G(a,n) L(n,)\_))+1
%e, =[1- 2 (21)
()\1‘1)] +1
(po -1 +1 ‘




Expression (21) is used to determine the percent error of the new approximation (19a) for the left

value. A similar expression can be derived for the right segment.

%\P; —J%a +G(o, nX R(n,ﬁ))+1
(py -2 +1 ‘

(A2 -1p +1

(VOSR =1- (22)
6.3 EXAMPLE OF APPLYING THE NEW APPROXIMATION

Given two TFNs,

X - (70,100, 130,143,0.77,1)
y - (4,10,16,25,0.631)

To determine the quotient the sx parameters are derived from Table 4. The first three

<i|xi

parameters are,

=(4.38, 10, 325), with the left a-cut defined by, 5.620+4.38.

_ <70 100 130>

The spread ratio is obtained from Table 4,

X:@:W =154

The left scaling factor (8-4a) is,

T, (3,154) = 0568(154) +011(3) —0.859



T, = 0.346.
The generalized polynomial for n = 3in expression (16) is G = a*-a.

The new approximation from expression (18a) is,

Qn(Ly =Dp +G(a,n) | (n,A)(b-a)

= 5.6201 + 4.38 + (a%0)0.346(10-4.38)
Qn(L) =19450 2 +3675 +4.38

300 +70

The actua quotient from expression (13) is, ————.
—60 +16

The left segment results from the actual quotient, the standard approximation, and the new
approximation are shown in Table 6. The new approximation leads to noticeably more accurate
results. The maximum percent error of the left segment is reduced from 10% to 3% and the

maximum percent error of the right segment is reduced from 29% to 8%.

7. MATHEMATICAL PROPERTIES

Theorem 1. The new approximation defines a fuzzy number according to definition 1, i.e. it is

convex, normal and piecewise continuous.
Proof:

The first two terms of expressions (18a) and (18b) are P, and Pk and are defined by the standard
approximation for multiplication. The approximation is defined by expression (4). and the a-cuts

are



P.= (b-a)a+a
Pr = (b-c)a+c

[PL, Pgr] define aset of closed intervals for a [J [0, 1] which define a fuzzy number according to
definition 1 [14, 23]. There are three possible casesto examine. Whena =1, a =0,and0< a

<L
(l) Whena =1, G(G, n) =0. Then PN(L) =P = PN(R) = Pr.
(i) Whena =0, G(a, n) =0. Then Py = P.and Pygr = Pr.

(@iii) When 0 < a < 1andn > 2 (the conditions when the new approximation is used) then G(a,
n) is a polynomia equation in a. For a given fuzzy number 1, and 1r are constants. Given the

expressions for the standard approximation,

P.= (b-a)a+a

and the generalized polynomial as,

G(a, n) = (@a™a™+a™2-, ... +, ... -0)

The polynomial of the new approximation is,

(b-a)a+a + 1 [(b-a){a"™-a"+a™2-, ... +, ... ,-Q)
Thisfunctionisincreasingin a. Likewise, for the right segment,
(b-c)a+c + TR{c-b) [ -a™ +a™-, ... +, ... ,-a)

Thisfunction isdecreasing in a.



Therefore, for a1 < o, then Pyyy(a1) < Pywy(a2) and Pyg)(01) > Pyr(02).
Given (i), (ii), and (iii) the convexity condition holds.

When a = 1 there is only one value x which is given by Pyy)(0=1) = Pygr(a=1). Therefore, the

normality condition holds.

As previoudy noted the new approximations are polynomials. As such they are continuous

functions (i.e. g—g). Therefore, the continuity condition holds. Since the three conditions

defining afuzzy number hold the new parametization defines afuzzy number =

7.1 Topological Closure

Topologica closure is the closure law (definition 2) applied to the membership function. This
means that any algebraic operation on a TFN will result in a TFN. We have shown that the
standard operations of multiplication and divison of TFNs yield polynomial fuzzy numbers and
therefore topological closure does not hold. Using the new approximations defined for
multiplication and division does maintain topological closure of parameterized fuzzy numbers as
represented by expression (15). TFNsare aspecia case of parameterized fuzzy numbers in which
the order of the polynomia is one. Consequently, the result of an arithmetic operation using the
new approximation always produces a result which is a fuzzy number that can be operated on

using the arithmetic operators defined in Table 4.
7.2 Field Axioms

In this section the properties of afield are examined for the new representation.

Theorem 2. The commutative property, ACB= BJA with PFNsholdsfor I0H0, } .



Proof: For & O , given two PFNs
A <a11b11C11)\11p11n1>

B - (a,,b,,C,,A5,p5,n,)
Z\D §_, <a:[|' a21bl+ bz,C1+ c,, maX(nl,nz)/)\?-l)\gz, maX(nl,nz)/p;-‘lpgz, max(nl,n2)>
I§D ;&_) <a2+ a11b2+ bl,C2+ Ci’mm(nz,rh)/)\rlzz)\rlll’ max(nzynl)/p gngh,max(nz,nl)>

They areidentical, therefore commutative property holdsfor (=0 . m

For x0

>

o8- <ala2,blbz,clcz,”“”2 AT Rlprpst Nt n2>

os)]

DA (aa.bb.co, ™ YNAT ™ Yprer nr n,)

They areidentical, therefore commutative property holdsfor (=0 . m

Theorem 3. The associative property, ,Z\E(ﬁ] 5) = (ADﬁ)]C—f with PFNs holdsfor g0, } .
Proof: For 0 and

A - (a,by,CAq,p10y)

B - (a,,b,,C,,A,,p,,0,)

C - (ag,bs,c5,A3,p3,ng) then,

A+ (I§ +5) = [y +(ap +ag). by + (b, +bs). ¢ +(c, +c3),



max(ny, max(nz,n3)\)/)\ril %nax(nb%m%ﬂax(nz,%)

max(ny, max(ny, ns)J W%“ax(”z oo ﬁﬂaxmz n3), max(ny, max(ny, ng)) L]

(ﬂ+ I§)+5 - Ua, +a,) +ag, (b, +b,) +bs, (c; +¢5) +cs,

max(max(m,ny), n;;\)/%ﬂax(nl,nzma’ﬂaﬂm,nz))\ 23

maX(maX(nlynz),ns\)/%“ax(”l'”%)/ p1tp3? %ﬂaX(m'nZ) P33 , max(max(ny, np)ng) U

The first three terms are real numbers and associative [18]. The fourth and fifth terms are
identical. This is shown by canceling the root max(n,, nz) with the power of the radical. The
same cancellation can be performed with max(ny, n,) for the second expression. The sixth terms
are also identical since the maximum operation is associative. Since the six terms are identica

thenfor (= 0 the new approximation is associative. m

For 0O

"
ad (ﬁ] 6-) &1(3-23‘3)’ bl(b2b3)1 Cl(C2C3), n+np +n§,/)\r111 %‘Iﬁnmgb N |
n+ny +ni/p§-]l %‘z+nm%’2+ns e, D

(AD B‘)j C  [aa,)as, (o1 )bs, (e )es ”ﬁ“ﬁ“ﬁ/ @‘ AT %1 A



+n2
n1+nz+n# %*”ﬂp;‘l P g P, n+n,+ ng[]

The six terms can be reduced as was shown for addition. Since the expressions are identical then

for x 0 the new approximation isassociative. m
Theorem 4. Theidentity property, M O M holdsfor PFNs.

Proof: In Table 2 the definition of scalar multiplication is given as,

KA - (kay, kb, ke, Aq,pq,1y) . If k=1then ka, kb, and kc are unchanged since real numbers obey

the identity property. Since the six terms are unchanged, the identity property is maintained. m

A weak distributivity of O over [0 exists for fuzzy quantities and is valid when A is either a

positive or a negative fuzzy number and B and C are both either positive or negative fuzzy
numbers[7]. A positive fuzzy number iswhen p Q(X) =0 [x 0. Thisistermed the restricted

distributive property and can be restated as, AO (I§] @) [@,& DI§)] (,Z\ 5). The restricted

distributive property does not hold for PFNs. Let I51=,Z\D(§] 5) and
P, =(,3\D §D] (@1 5). The first three terms of expression (15) for P, and P, are identical

since a, b, and ¢ are real numbers and real numbers are distributive [18]. The spread ratio terms
arenot identical. Thisis shown by examining the spread ratio A for P;. The spread ratio A 5 is,

P
ax(nz,n3)
n ax(Nno, N: n n
n1+max(n2,n3d)\11%”I (n2,n3)l\ 2\ 33 %ﬂ
simplify thisto obtain,

nl+max(n2:n3)/)\?_l)\22)\g3 _

The spread ratio term A for B, is,




+n2 1+N3
+n Ny N +n Ny N
max(n1+n2,n1+n3\)/ Eh LA 3 %M %11 3\/)‘ 1A 3 g
simplify thisto obtain,

ny +max(n :n3)/)\inl)\ gz)\ gs _

Consequently, A B <A 5 and it can aso be shown that pﬁl > pﬁz . Since A appears twice in

I52 its spread ratio also appears twice. The last term n can be shown to be identical in I51 and
P,. The vertices a, b, and ¢ of the PFN are distributive but the spread ratios are not. The

membership function of I52 will have the same vertices as I51 but for a [1]0, 1] will be shifted to

the left. Preiminary investigation indicates this shift appears to be inconsequential but caution
should be used when using the distributive property in applications.

An inverse element does not exist for the standard mathematical operators in fuzzy set arithmetic,

thatis, M O M™% 1[8]. PFNsdo not have this property either.

7.3 A COMPLETE SET OF THE BASIC ARITHMETIC OPERATORS

This section shows that PFNs maintain the important mathematical properties of commutative and
associative.  Although the distributive property does not remain the vertices of the PFN are
distributive. These properties are important when used in engineering applications. Using PFNs
in a system, the order of operations is not known a priori and complex expressions can be
constructed using the basic arithmetic operators defined in Table 4. A significant result is that the

new approximation has topological closure under these operators.



8. IMPLEMENTATION SCHEME

The generalized polynomia of expression (16) is stored in a database table for combinations of a
and n. The expressions of Table 4 are used to determine the parameters for each of the arithmetic
operations. When an evauation needs to take place then expressions (18a), (18b), (19a), and
(19b) are used to determine the a-cuts.

Note that the complexity of the determining the parameters of the fuzzy numbers from Table 4 is
triviad. Only when an evaluation is necessary are the a-cuts determined. This strategy greatly
reduces the computational complexity since the calculations are only conducted when necessary.
The a-cut calculation is of the order O(n) where n equals the number of terms. This is a
fundamental difference from the discretization approaches where dl the discrete points are dways

calculated [21].

8. RANGE OF APPLICABILITY

The approximation errors are a function of only the spread ratios, n, and a. The range of errors
which are less than 10% iswhen A < 3.33 and p > 0.50. Outside of this range, the approximation
error at any given a levd is sufficiently significant (> 10%) that careful attention must be paid to
any derived results. The standard approximation yields acceptable results in the range of A < 1.67
and p > 0.71. Consequently, the new approximation can be applied to a greater range of fuzzy

numbers.

O. RELATIONTO TYPE-I| FuzzYy SETS

Generdly, exact vaues for membership in a set are not readistic and only approximate values
provided as a lower and upper bound can be provided. This generalization of ordinary fuzzy sets

iscaled atype-2 fuzzy set where the membership function isfuzzy [14].



The approximation used here has an interval or percent error associated with each a-cut and

consequently it isrelated to type-2 fuzzy sets.

10. CONCLUSIONS

We have found that engineers will easily accept using TFNs in models. They are more tractable
than performing fuzzy arithmetic on non-standard membership functions. While some researchers
have approached the problem from the perspective of discretization we feel the smple operations
on the parameters are more straight forward and easlly understood by users. Furthermore, the
computational complexity issue of discretization and the prospect of storing a large number of
discrete pointsto represent a fuzzy number is an imposing computational task considering the size

of most applications.

Commonly used approximations for the standard operators for TFNs [13] showed that incorrect
results could be obtained [12]. The discretization approaches [5, 20] were not a suitable
aternative since they did not have a concise representation, required interna storage of many
discrete points to reconstruct membership functions, and suffered from computational complexity.
The representation and operator set developed here has been successfully used to solve a problem
in structural engineering using the constraint satisfaction approach [11]. It appears the parametric
representation is easly understood by practitioners in engineering and accurate approximations

can be made from it.

ACKNOWLEDGMENT

The authors are grateful to the anonymous reviewer whose thoughtful remarks greatly improved

the paper.



REFERENCES

[1]

[2]

[3]

[4]

[5]

[6]

[7]

(8]

M. Arakawa and H. Yamakawa, A Study on Optimum Design Using Fuzzy Numbers as
Design Variables, 1995 Design Engineering Technical Conference (ASME DE-Vol. 82,
1995) 463-470.

S. Baas and H. Kwakernaak, Rating and ranking of multiple-aspect aternative using
fuzzy sets, Automatica 13 (1977) 47-48.

S.J. Chen and C.L. Hwang, Fuzzy Multiple Attribute Decision Making - Methods and
Applications (Springer Verlag, Berlin, 1993).

JE. Chen and K.N. Otto, A tool for imprecise caculation in engineering systems,
Proceedings of the 4th International IEEE Conference on Fuzzy Systems, (Yokohama
Japan, 1995) 389-394.

W.M. Dong and F.S. Wong, Fuzzy Weighted Averages and Implementation of the
Extension Principle, Fuzzy Sets and Systems 21 (1987) 183-199.

D. Dubois and H. Prade, Operations on Fuzzy Numbers, Int. Journal of Systems
Science 9 (6) (1978) 613-626.

D. Dubois and H. Prade, Fuzzy Sets and Systems.  Theory and Applications, (Academic
Press, New Y ork, 1980).

D. Dubois and H. Prade, Possibility Theory: An Approach to Computerized Processing
of Uncertainty (Plenum Press, New Y ork, 1988).



[9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

D. Dubois and H. Prade, Fuzzy Numbers. An Overview, in: D. Dubois H. Prade and R.R.
Yager (eds.), Readings in Fuzzy Sets for Intelligent Systems (Kaufmann Publishers, San
Mateo CA, 1993).

R.E. Giachetti, R.E. Young, A. Roggatz, W. Eversheim, and G. Perrone, A Methodology
for the Reduction of Imprecision in the Engineering Design Process, European Journal of

Operations Research to appear (1996).

R.E. Giachetti, The Mathematics of Triangular Fuzzy Numbers to Support a Mode of
Imprecision in Design, Ph.D. Thesis, North Carolina State University, NC (1996).

R.E. Giachetti and R.E. Young, Anayss of the Error in the Standard Approximation Used
for Multiplication of Triangular and Trapezoidal Fuzzy Numbers and the Development of a
New Approximation, Fuzzy Sets and Systems to appear (1996).

A. Kaufmann and M.M. Gupta, Fuzzy Mathematical Models in Engineering and
Management Science (North Holland Press, Amsterdam, 1988).

G.J. Klir and B. Yuan, Fuzzy Sets and Fuzzy Logic (Prentice Hall, New Jersey, 1995).
M. Mares, Computation over Fuzzy Quantities (CRC Press, Boca Raton FL, 1994.)
R.E. Moore, Interval Analysis (Prentice-Hall, Englewood Cliffs NJ, 1966).

W. Pedrycz, Why triangular membership functions?, Fuzzy Sets and Systems 64 (1994) 21-
30.

A.H. Smith and W.A. Albrecht, Fundamental Concepts of Analysis (Prentice-Hall, New
Jersey, 1966).



[19]

[20]

[21]

[22]

[23]

K.J. Smucker, Fuzzy Sets, Natural Language Computations, and Risk Analysis (Computer
Science Press, Rockville MD, 1984).

K.L. Wood, K.N. Otto and E.K. Antonsson, Engineering Design Calculations with Fuzzy
Parameters, Fuzzy Sets and Systems 52 (1992) 1-20.

K.L. Wood and E.K. Antonsson, Computations with imprecise parameters in engineering
design: Background and Theory, ASME J. Mechanisms, Transmissions, and Automation

in Design 111 (4) (1989) 616-625.

R.E. Young, R.E. Giachetti and D.A. Ress, Fuzzy Constraint Processing in Design and
Manufacturing, |EEE International Conference on Fuzzy Sets and Systems, (New Orleans,

September 1996).

H.-J. Zimmermann, Fuzzy Set Theory and Its Applications (Kluwer Academic Publications,
Boston/Dordrecht/London, 1991).



1.0
0.5

0.0

Figurel. Triangular Fuzzy Number X - [B, 4, 50



Table 1. Arithmetic Operationson TFNsand Their Definition

Arithmetic Operation | Definition

AD B (&g +ap by +by ,cp +cp )
AOB= (ag-c2 by —bp,cp-ap )
A0 B (ag Ay by by, [Ep )




Alpha
Value

0.5

Actual Product

-------

Standard Approx

Figure2. Error At an a-cut



Table 2 Results for [25, 40, 550% [4, 10, 1600Ay = 1.6 , py =
0.73and Ap = 2.5, pp = 0.625

Actual Standard % Error

Quotient Approximation

alpha |Left |Right |Left Right |[Left |Right

1 4.0 4.0 4.0 4.0 0% 0%
0.9 3.6 4.4 3.8 5.0 3%| 13%
0.8 3.3 49 35 6.0 6%| 22%
0.7 3.0 54 3.3 6.9 9%| 28%
0.6 2.7 6.1 3.0 7.9 10%| 31%
0.5 25 6.8 2.8 8.9 11%| 31%
0.4 2.3 1.7 25 9.9 11%| 29%
0.3 21 8.7 23| 10.8] 10%| 24%
0.2 19, 100 21 118 8%| 18%

0.1 19 116 18] 128 5% 10%

0 16/ 138 16 138 0% 0%




Table 3 Resultsfor 1, 4,909 [, 2, 30Ay =4, pn = 0.44 and Ap
=2, pp = 0.66

Actual Standard % Error

Quotient  |Approximation

alpha | Left | Right | Left | Right| Left | Right

1 2.0 2.0 2.0 2.0 0% 0%
0.9 18 24 18 2.7 4%| 14%
0.8 15 2.8 17 34 8%| 22%
0.7 13 3.2 15 41 11%| 27%
0.6 12 3.8 13 48 14%| 28%
0.5 10 4.3 12 55 17%| 27%
0.4 0.8 5.0 10 6.2 18%| 24%
0.3 0.7 5.8 0.8 6.9 18%| 20%
0.2 0.6 6.7 0.7 7.6] 17%| 14%
0.1 0.4 1.7 0.5 8.3 12% %

0 0.3 9.0 0.3 9.0 0% 0%




Table4 Fuzzy Arithmetic with Parameterized Fuzzy Numbers

Arithmetic

Operation

Definition

Scalar Summation

k+A=

Scalar
Multiplication

KA =

Fuzzy Summation
ADB

Fuzzy Subtraction

AOB=

Fuzzy

Multiplication
ADB
Fuzzy Division

A®B

(k+a,k+b,k+c,A,p,n)

(ka, kb, ke, A, p, n)

<al+32' by +by, ¢y +cp, TERNTINT max(rh'nzx)/pglp 2, maX(n1:”2)>

1 1
a1~z by ~bp, ©1 ~ap, ma(mmIAY —5—, max(un) i’ g A n2)
) 2

M+Ny[y Ny N M+ Ny N
<ala2, ble! CCo, )\l)\zzy ! pllpzz: nl+n2>

ﬁ,ﬁ,i,
b a

i} o+l z/ b+l
M+ + )\?%}62%] , M+ pi‘l%}g\zg , nl+n2+1>




Table5 Polynomialsfor the Correction Term

for n=2, 3,4, 5, and 6.

n |Correction Term
Polynomial

2 (a?-a)

3 (a?-a)

4 (a*-a*+a?-a)

5 (a*-a*+a?-a)

6 (a®-a+a*-a’+a?-a)




Table6 ThePercent Error for the Standard and New

Approximation for é
y

Actual Standard New % Error off% Error of
Quotient Approximation |Approximation |Standard New

Approximation

alphal Left| Right| Left] Right Left| Right| Left| Right|] Left] Right

1) 10.0, 10.0 10.0 10.0 10.0f 10.0f 0% 0% 0% 0%

0.9 92 110 9.4 12.3 93] 109 3%| 12%| 1% 1%

0.8 84| 120 8.9 14.5 8.6/ 120 6%| 20%| 2% 0%

0.7 7.7, 133 8.3 16.8 7.9 135 8%| 26%| 2% 1%

0.6f 7.1, 147 7.8 19.0 73] 153 9%| 29%| 3% 4%

0.5 65 164 7.2 21.3 6.7 17.4| 10%| 29%| 2% 6%

0.4 6.0 184 6.6 235 6.2 19.8| 10%| 27%| 2% 7%

0.3] 56| 20.9 6.1 25.8 57, 225 9%| 23%| 2% 8%

0.2 51 238 55 28.0 52 255 7%| 17%| 1% 7%

0.1 4.7, 276 49 30.3 4.8 289 4% 10%| 0% 5%

0 44| 325 4.4 32.5 4.4 325 0% 0% 0% 0%




